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Abstract. We prove that non-confluent (i.e., strongly nondeterministic)
P systems with active membranes working in polynomial time are able
to simulate polynomial-space nondeterministic Turing machines, and
thus to solve all PSPACE problems. Unlike the confluent case, this
result holds for shallow P systems. In particular, depth 1 (i.e., only one
membrane nesting level and using elementary membrane division only)
already suffices, and neither dissolution nor send-in communication rules
are needed.
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Introduction

Families of confluent recogniser P systems with active membranes [9] are known
to characterise PSPACE in polynomial time [13,14]. In this kind of P systems the
computations can be locally nondeterministic, but the final result (acceptance or
rejection) must be consistent across all computations. This result seems to require
that the membrane nesting depth of each P system in the family depends on the
length of the input (the published results show that a linear depth suffices [13]);
furthermore, all known algorithms employ non-elementary membrane division (i.e.,
division of membranes containing further membranes, resulting in the replication
of whole subtrees of the membrane structure).
More recently, it has been proved [2] that when only elementary division (i.e.,
division for membranes not containing further membranes) is available, the power
of P systems decreases to P#P , the class of problems solved in polynomial time by
deterministic Turing machines with an oracle for a counting problem [8]; this class
is conjectured to be strictly smaller than PSPACE. More specifically, P systems
of depth 1 (consisting of an outermost membrane containing only elementary
membranes) already characterise P#P [3], and thus increasing the depth without
also allowing non-elementary division does not increase the computing power.
P systems of depth 0, where there exists only one membrane and division is
unavailable, are known to characterise P [15,3].
?
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Fewer results are known for non-confluent P systems, where the computations
need not agree on the result, and the overall behaviour is accepting if and
only if there exists an accepting computation (i.e., a strongly nondeterministic
behaviour analogous to Turing machines). Clearly, all lower bounds of confluent
P systems hold for non-confluent ones. The only other published result concerning
non-confluent recogniser P systems with active membranes, to the authors’ best
knowledge, is a characterisation of NP by means of polynomial-time non-confluent
P systems with active membranes without any kind of membrane division [11].
Membrane division in confluent P systems is commonly used to simulate the
effect of nondeterminism, by exploring in parallel all possible nondeterministic
choices and combining the results by disjunction [15], threshold or majority [3],
or alternation of conjunctions and disjunctions [13], depending on which rules
are available and the depth of the membrane structure. It is then natural to ask
whether these results can be somehow improved by employing actual nondeterminism, i.e., by exploiting non-confluence in addition to membrane division.
In this paper we prove that this is indeed the case, since the lower bound
PSPACE can actually be reached by “shallow” (small-depth) polynomial-time nonconfluent P systems: specifically, depth 1, and thus division only for elementary
membranes, already suffice for reaching PSPACE. Furthermore, the P systems
employed can be monodirectional [1,4], i.e., without using send-in communication
rules. Monodirectionality is known to decrease the power of confluent P systems;
for instance, polynomial-time monodirectional confluent P systems of depth 1
characterise PNP
(the class of problems solved in polynomial time with parallel
k
queries to an NP oracle, conjectured to be smaller than P#P ), and PNP (the
class where the oracle queries are not restricted to be parallel, which is probably
smaller than PSPACE) if the depth is unbounded [4].

2

Basic Notions

In this paper we use P systems with active membranes [9] using only object
β
α
evolution rules [a → w]α
h , send-out communication rules [a]h → [ ]h b and
β
γ
elementary membrane division rules [a]α
h → [b]h [c]h .
The depth of a P system is defined as the depth of its membrane structure
when considered as a rooted tree, i.e., as the length of the longest path from the
outermost membrane to an elementary membrane.
In particular, we are dealing with recogniser P systems Π [10], whose alphabet
includes the distinguished result objects yes and no; exactly one result object
must be sent out from the outermost membrane to signal acceptance or rejection,
and only at the last computation step. If all possible computations of Π agree on
the result, the P system is said to be confluent. In this paper, however, we only
deal with the more general non-confluent recogniser P systems, where different
computations need not agree on the result, and the final result is acceptance if
and only if at least one computation is accepting.
A decision problem, or language L ⊆ Σ ? , is solved by a family of P systems Π = {Πx : x ∈ Σ ? }, where Πx accepts if and only if x ∈ L. In that case, we
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say that L(Π) = L. As usual, we require a uniformity condition [6] on families
of P systems:
Definition 1. A family of P systems Π = {Πx : x ∈ Σ ? } is (polynomialtime) uniform if the mapping x 7→ Πx can be computed by two polynomial-time
deterministic Turing machines E and F as follows:
– F (1n ) = Πn , where n is the length of the input x and Πn is a common
P system for all inputs of length n, with a distinguished input membrane.
– E(x) = wx , where wx is a multiset encoding the specific input x.
– Finally, Πx is simply Πn with wx added to its input membrane.
The family Π is said to be (polynomial-time) semi-uniform if there exists a
single deterministic polynomial-time Turing machine H such that H(x) = Πx
for each x ∈ Σ ? .
The class of decision problems solved by uniform families of non-confluent
P systems with active membranes working in polynomial time is denoted by the
symbol NPMCAM . The corresponding class for families of P systems with depth-1
membrane structures using only object evolution, send-out communication and
elementary membrane division rules is denoted by NPMCAM(depth-1,−i,−d,−ne) ,
where −i, −d, and −ne denote the lack of send-in, dissolution, and non-elementary
division rules, respectively. For the complexity classes defined in terms of Turing
NP
machines, such as NP, PNP
, P#P , and PSPACE we refer the reader to
k , P
Papadimitriou’s book [8].

3

Simulating Nondeterministic Turing Machines

Let N be a nondeterministic Turing machine working in polynomial space p(n).
Let Σ be the tape alphabet of N , and let Q be its set of states. Without loss of
generality, we assume that N has a unique accepting configuration, consisting
of a unique accepting state, an entirely blank tape, and the tape head located
on the leftmost position. We can assume that all computations of N halt within
exponential time t(n) = |Σ|p(n) × |Q| × p(n).
Suppose that string x is an input for N , and let m = p(|x|) + 3. A configuration C of N can be encoded as a delimited string $a1 · · · ak−1 qak · · · ap(n) $
of length m over the alphabet Σ ∪ Q ∪ {$}. This denotes that the tape of N
contains the string a1 · · · ak−1 ak · · · ap(n) , that the machine is in state q, and that
the tape head is located on the k-th tape cell.
Deciding whether N accepts an input x is equivalent to deciding whether the
unique final accepting configuration C 0 is reachable from the initial configuration C
on input x within t(|x|) steps. Let C1 and C2 be configurations of N , let C1 → C2
denote that C2 is reachable from C1 via a single computation step, and let C1 →t C2
denote reachability within t steps. Then, we have
C1 →1 C2

iff

C1 = C2 or C1 → C2

C1 →t C2 with t > 1

iff

there exists C such that C1 →dt/2e C →bt/2c C2
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The Turing machine N on input x of length n is simulated by a P system Πx ,
whose initial configuration is
0
0

···
···

a1,1
b1,m+1

am,m
bm,2m

(1)

ddlog t(n)e
h

yes2×dlog t(n)e+r(n)+2
k

Here the string a1 · · · am encodes the initial configuration of N on input x,
that is, a1 · · · am = $q0 xtp(n)−n $ with t denoting a blank cell and q0 the
initial state of N ; these symbols need a further subscript in Πx in order to
keep track of their position within the string. Analogously, the string b1 · · · bm
encodes the unique accepting configuration of N , that is, b1 · · · bm = $qyes tp(n) $,
where qyes is the accepting state. In this case, the symbols are subscripted
with m + 1, . . . , 2m as if the P system stored a single string a1 · · · am b1 · · · bm ;
this will prove useful in a later phase of the simulation. The other objects do
not encode information about N , but play an auxiliary role in the simulation; in
particular, the function r(n), appearing in the subscript of the object yes, will be
defined later.
For the whole first phase of the computation of Πx (including the initial configuration) the membranes with label h maintain, as an invariant, a configuration
of the form
α

x1,1
y1,m+1

· · · xm,m
· · · ym,2m
dt

(2)
h

where 1 ≤ t ≤ dlog t(n)e, the charge α is either 0 or +, and x1,1 · · · xm,m
and y1,m+1 · · · ym,2m are multisets respectively encoding the strings x1 · · · xm
and y1 · · · ym , which in turn encode two configurations C1 and C2 of N as described above. This invariant is restored every two steps of the first phase of the
computation of Πx .
The purpose of this membrane, for t > 1, is to guess a computation path of
length at most 2t from C1 to C2 ; computation paths from C1 → · · · → C2 shorter
than 2t are padded to length 2t by repeating some intermediate configurations
(recall that C →1 C for all C). If t = 0, the membrane checks whether the
configuration C2 is reachable by N in one step from C1 ; if it is the case, then
it outputs an object yes, and otherwise an object no after exactly 2t + r(n) + 1
computation steps.
Let us describe recursively the behaviour of the membrane. If t > 0, then the
t
problem of guessing a computation C1 →2 C2 is divided into the two subproblems
t−1
t−1
of guessing a computation C1 →2
C and a computation C →2
C2 , where C is
a nondeterministically guessed mid-point. This mid-point is guessed by rewriting
each object σi of the multiset x1,1 · · · xm,m into a primed version σi0 of itself,
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together with an object τi00 , where τ is a nondeterministically chosen symbol of
the alphabet of the configurations of N :
[σi → σi0 τi00 ]α
h

for α ∈ {0, +}, σ, τ ∈ Σ ∪ Q ∪ {$} and 1 ≤ i ≤ m

(3)

Notice that the P system guesses an arbitrary string as a configuration C; the
string might even be an invalid encoding (e.g., with multiple symbols denoting the
state of N ); the validity of the configuration will be checked later. Simultaneously,
the objects of the target configuration y1,m+1 · · · ym,2m are primed:
[σi → σi0 ]α
h

for α ∈ {0, +}, σ ∈ Σ ∪ Q ∪ {$} and m + 1 ≤ i ≤ 2m

(4)

While the objects encoding the configurations of N are thus rewritten, the
membrane is divided by dt into two membranes differing only in their charge:
0 +
0 0
[dt ]α
h → [dt ]h [dt ]h

for α ∈ {0, +} and 1 ≤ t ≤ dlog t(n)e

Hence, the original membrane h leads to the following configuration:
x01,1
00
z1,1

0
y1,m+1

· · · x0m,m
00
· · · zm,m
0
· · · ym,2m
d0t

+

x01,1
00
z1,1

0
y1,m+1
h

· · · x0m,m
00
· · · zm,m
0
· · · ym,2m
d0t

0

h

00
where the objects zi,i
represent the mid-point configuration C guessed by the
membrane. Now configuration C becomes the target configuration in the left
membrane, having charge +. This requires eliminating all primes, deleting the
0
0
00
00
objects y1,m+1
· · · ym,2m
and adjusting the subscripts of z1,1
· · · zm,m
; this is
performed by the following rules:

[σi0 → σi ]+
h

for σ ∈ Σ ∪ Q ∪ {$} and 1 ≤ i ≤ m

[σi0 → ]+
h
[σi00 → σi+m ]+
h

for σ ∈ Σ ∪ Q ∪ {$} and m + 1 ≤ i ≤ 2m
for σ ∈ Σ ∪ Q ∪ {$} and 1 ≤ i ≤ m

On the other hand, the configuration C becomes the source configuration in the
right membrane (with charge 0), where the objects x01,1 · · · x0m,m must be deleted:
[σi0 → ]0h

for σ ∈ Σ ∪ Q ∪ {$} and 1 ≤ i ≤ m

[σi0 → σi ]0h
[σi00 → σi ]0h

for σ ∈ Σ ∪ Q ∪ {$} and m + 1 ≤ i ≤ 2m
for σ ∈ Σ ∪ Q ∪ {$} and 1 ≤ i ≤ m

Finally, the object d0t is rewritten into dt−1 inside both membranes:
[d0t → dt−1 ]α
h

for α ∈ {0, +} and 1 ≤ t ≤ dlog t(n)e
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Hence, the P system reaches the configuration
+

x1,1
z1,m+1

· · · xm,m
· · · zm,2m
dt−1

0

z1,1
y1,m+1

· · · zm,m
· · · ym,2m
dt−1

h

h

with two membranes having a configuration of the form (2). This restores the
associated invariant.
After 2 × dlog t(n)e steps (twice the initial subscript of the object dt ), all
membranes with label h simultaneously reach a configuration of the form
α

x1,1
y1,m+1

· · · xm,m
· · · ym,2m
d0
h

for some α ∈ {0, +} and x1 , . . . , xm , y1 , . . . , ym ∈ Σ ∪ Q ∪ {$}. The last phase of
the simulation is triggered by objects d0 being sent out and changing the charge
of the membranes to −:
−
[d0 ]α
h → [ ]h #

for α ∈ {0, +}

(5)

While rule (5) is applied, the charge of the membrane is still 0 or +, and the
rules of type (3) and (4) are still enabled; thus, each membrane h reaches a
configuration of the form
x01,1
00
z1,1

0
y1,m+1

· · · x0m,m
00
· · · zm,m
0
· · · ym,2m

−

h

When the charge of a membrane with label h is −, the objects of the form τi00
(which have been just produced, but are actually not needed in this phase) are
deleted:
[τi00 → ]−
h

for τ ∈ Σ ∪ Q ∪ {$} and 1 ≤ i ≤ m

The remaining objects σi0 are rewritten into a “tilded” version. This allows us
to re-use the charges 0 and + in the next phase of the computation (which will
make use of a simulation from [3]) without creating conflicts with previous rules.
[σi0 → σ̃i ]−
h

for σ ∈ Σ ∪ Q ∪ {$} and 1 ≤ i ≤ 2m

This leads to the configuration
−

x̃1,1
ỹ1,m+1

· · · x̃m,m
· · · ỹm,2m

(6)
h
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Each membrane h now contains what can be considered as a string of length 2m,
consisting of the concatenation of two (possibly malformed) encodings of configurations of N .
From [3] we know that a single membrane is able to efficiently simulate a
polynomial-time deterministic Turing machine (as long as there is no communication with adjacent membranes) if the tape is encoded as in configuration (6). The
idea is to simulate a larger number of charges (referred to as extended charges) by
encoding them in the subscripts of each object; the subscripts are kept synchronised by multiple sequential updates of the actual charges {+, 0, −}. The extended
charges are employed in order to store pairs (q, i) of state and tape head position
of the simulated Turing machine. A transition such as δ(q, a) = (q 0 , a0 , +1) is then
(q,i)
(q 0 ,i+1)
implemented as a rule of the form [ai ]h → [a0i ]h
, which is actually carried
out in multiple steps using standard charges, object evolution and send-out
communication rules.
In our particular case, each membrane h can simulate a Turing machine that
checks whether the content of such membrane consists of two valid consecutive
configurations of N , or two identical valid configurations of N . We can assume,
without loss of generality, that such Turing machine halts exactly in polynomial
time r(n) for all strings of length n; the result is given by outputting yes or no
from the membrane.
After 2 × dlog t(n)e + r(n) steps, a total of 2dlog t(n)e instances of yes and no
reach the outermost membrane k. If there is at least one instance of no, then there
existed an instance of membrane h containing either an invalid configuration, or
two non-consecutive configurations; this means that the P system Πx guessed a
malformed computation of N . In that case, it sends out any of the objects no as
the final result of the computation:
[no]0k → [ ]−
k no
If there is no instance of no inside k, then all membranes h contained valid
consecutive configurations (or pairs of identical valid configurations). Since the
initial membrane h contained the initial and final configurations of N on input x,
this means that Πx guessed a legitimate accepting computation of N . In that
case, all objects yes sent out from the elementary membranes h are ignored, and
instead the timed object yest , which already appears in the initial configuration (1),
produces the output of the P system. This object counts down for the entire
duration of the simulation:
[yest → yest−1 ]0k

for 1 ≤ t ≤ 2 × dlog t(n)e + r(n) + 2

If at time 2 × dlog t(n)e + r(n) + 2 membrane k still has charge 0, then the
P system has not rejected, and it can send out yes0 as yes, as the result:
[yes0 ]0k → [ ]−
k yes
In both cases Πx halts by sending out a result at the last computation step.
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The P system Πx has thus an accepting computation if and only if there
exists a computation path from the initial configuration of N on input x to its
accepting computation, that is, if and only if N accepts.
Notice that the mapping x 7→ Πx is uniform, since all rules of Πx only
depend on the length of the input, and not on the input itself. Furthermore, the
initial membrane structure is the same for all Πx . The only portion of the initial
configuration that depends on the actual input x is the content of membrane h,
which is chosen as the input of the P system. The mapping x 7→ Πx can also be
computed in polynomial time: the encoding of the input simply consists in adding
subscripts to the input symbols of x, and the rules are easy to compute, since
they all range over sets independent of the input, or over sets of natural numbers
depending on the input length, and never require sophisticated computation.
Theorem 1. Let N be a nondeterministic Turing machine working in polynomial
space. Then, there exists a uniform family Π of non-confluent P systems of
depth 1, using only object evolution, send-out and elementary division rules, and
working in polynomial time such that L(N ) = L(Π).
Since arbitrary polynomial-space Turing machines can be simulated, the whole
class they characterise is solved by shallow non-confluent P systems with a limited
range of rules:
Corollary 1. PSPACE ⊆ NPMCAM(depth-1,−i,−d,−ne) .

4

Conclusions

The results obtained in this paper show that, even with depth-1 membrane
structures and monodirectional communication, non-confluent P systems with
active membranes are already able to solve PSPACE-complete problems in
polynomial time, and are thus conjecturally stronger than confluent ones with
the same restrictions (and even those with only one of such restrictions).
This result is a first step towards a characterisation of the power of polynomialtime non-confluent P systems with active membranes. If PSPACE turned out
to also be an upper bound, although it has been conjectured that it might not
be so [14], this would show that non-confluence subsumes both nesting depth
beyond 1 and bidirectionality. In that case, it would be interesting to find other
parameters (such as unusual combinations of admissible rules) which can be
“tuned” in order to obtain complexity classes between NP and PSPACE.
We also conjecture that an algorithm similar to the one provided here for
P systems with active membranes can also be implemented for tissue-like P systems using either cell division [12] or cell separation rules [7], since they seem to
share several features and limitations of cell-like P systems of depth 1 [5].
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