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What If our instruments
are less sophisticated?
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Untangling complex
systems
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e Commutative: X + Y=Y+ Xand X XY =YXX

e Associative: X+ (Y+2Z2)=(Y+ X)+ Zand
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e Neutralelements: @+ X = Xand @ X X =X
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+ and X behave as with nonnegative
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Commutative: X + Y=Y+ Xand X X Y =YX X

Associative: X + (Y + 7)) = (Y+ X) + Zand
XXYXZ)=(YXX)XZ

Neutral elements: @ + X = Xand @ X X =X

Distributive: X X (Y +7Z) =X XY+ XX Z
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+ and X behave as with nonnegative

integers (a commutative semiring)

Commutative: X + Y=Y+ Xand X X Y =YX X

Associative: X + (Y + 7)) = (Y+ X) + Zand
XXYXZ)=(YXX)XZ

Neutral elements: @ + X = Xand @ X X = X
Distributive: X X (Y +7Z) =X XY+ XX Z
Multiplication by zero: @ X X = ¢
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. Bad news about
solving equations /!

 There is no algorithm at all for solving general equations!
(By reduction from Hilbert’s 10th problem)

e Equations without variables on one side have an
algorithm, but even linear ones of this form are hard to
solve (NP-complete):

 We are still unsure if equations in one single variable,
ike AX = B, can be solved efficiently (conjecture: no)
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No unique factorisation
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What do we need In
our warehouse?

e« Decompose our system A as a product of smaller,
irreducible systems A = A; X A, X --- X A,

e But in general there are multiple ways of doing that:
A =B1 XBzX ce XBm

e S0A,A,,...,A, might all be replaceable
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it appears in the factorisation of either A or B
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Prime systems

A prime is a system P such that, whenever it appears
in a factorisation into irreducibles of A X B,
it appears in the factorisation of either A or B

In other words, if P divides A X B then it divides A or B

If a prime appears in one factorisation of a system,
then it appears in all the others as well (it is irreplaceable)

So we want at least all primes in our warehouse
(even though that’s not enough...)
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* We haven’t been able to find even a single prime yet!
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Finding primes

We haven’t been able to find even a single prime yet!

We have found infinitely many non-primes though

e
This guy here? QAt)We don’t know if it’s prime or not!

A counterexample to the primality of P is two systems
A, B such that P divides A X B but neither A nor B

Those A and B can be much bigger than P,
but we don’t know how much, so no algorithm yet...
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What do primes look like,
If they exist at all?

e Connected
e Fixed point (no cycles
of length > 1) t

e gcd of the number
of predecessors across

all states must be 1
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Future developments

* Find more solvable equations, and at least one class
of equations that is solvable efficiently

e How many solutions for a given equation? E.g.,
AX = B has at most one if B is connected (new result!)

* An enumeration algorithm for dynamical systems

up to isomorphism, to find examples and
counterexamples (almost done)

 Find out if prime systems exist, or at least find
a primality algorithm!
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Thanks for your attention!
Any questions?



