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• We study the computational complexity
of enzymatic numerical P systems as recognisers

• We show that the power of polynomial-time ENPs
changes depending on which operations are allowed
on the LHS of rules
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• Tree-like membrane structure
• Variables with non-negative integer values
• Programs of the form

F px1, . . . , xmq Ñ a1|y1 ` ¨ ¨ ¨ ` an|ym
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• Variables on the LHS are zeroed
• Variable yj on the RHS gets aj{Σiai of the result
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• Further type of program:

F px1, . . . , xmq|e Ñ a1|y1 ` ¨ ¨ ¨ ` an|ym
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• Further type of program:

F px1, . . . , xmq|e Ñ a1|y1 ` ¨ ¨ ¨ ` an|ym

`e›n˚z›y›m`e
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• Further type of program:

F px1, . . . , xmq|e Ñ a1|y1 ` ¨ ¨ ¨ ` an|ym

• Variable e must not occur in PF or RHS
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• Further type of program:

F px1, . . . , xmq|e Ñ a1|y1 ` ¨ ¨ ¨ ` an|ym

• Variable e must not occur in PF or RHS
• The program is enabled iff e ą mintx1, . . . , xmu



P̀a˚r`a˜l¨l´e¨lˇi¯sfi‹mffl ¯p`o˝lˇi`cˇi`eṡ 5/22

• Sequential: one program per region
• All-parallel: each enabled program is executed
• One-parallel: each variable may be used only once
• In all-parallel and one-parallel mode

the ENPs can always be flattened
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˛h`eˇr`e ”wfle `a¯sfi¯sfi˚u‹m`e ˚t‚h˚i¯s `a‹n`dffl ˚t‚h˚i¯s!

• Sequential: one program per region
• All-parallel: each enabled program is executed
• One-parallel: each variable may be used only once
• In all-parallel and one-parallel mode

the ENPs can always be flattened



R`e´c´oˆg›n˚i¯sfi`eˇrffl EN P ¯sfi‹yṡfi˚t´e›m¯s 6/22

• Let L Ď t0, 1u‹

• Let Π be an ENP with variables accept and reject
• For x P L, initialise Π with 1x in an input variable
• Assume Π reaches a stable configuration
• If x P L, then accept “ 1 and reject “ 0
• If x R L, then accept “ 0 and reject “ 1
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• Let L Ď t0, 1u‹

• Let Π be an ENP with variables accept and reject
• For x P L, initialise Π with 1x in an input variable
• Assume Π reaches a stable configuration
• If x P L, then accept “ 1 and reject “ 0
• If x R L, then accept “ 0 and reject “ 1

˚t‚h`e P ¯sfi‹yṡfi˚t´e›mffl `d`e´cˇi`d`eṡ L
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P-ENPp`,´q

P-ENPp`,´,ˆq

P-ENPp`,´,ˆ,˜q

`op̧`eˇr`a˚tˇi`o“n¯s
`a˜l¨l´o“wfle´dffl

˚i‹nffl ˚t‚h`e PF ¯s
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P-ENPp`,´q

P-ENPp`,´,ˆq

P-ENPp`,´,ˆ,˜q

”n`o“nffl-”n`e´g´a˚tˇi‹vfle

¯sfi˚u˜b˘tˇr`a`cˇtˇi`o“n!



R`a‹n`d`o“mffl `a`c´c´eṡfi¯s ”m`a`c‚h˚i‹n`eṡ 8/22

Infinitely many registers pri : i P Nq

• ` : ri – k
• ` : ri – rj
• ` : ri – rrj
• ` : ri – rj ‚ rk
• ` : if ri ‰ 0 then `1 else `2
• ` : accept
• ` : reject
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Infinitely many registers pri : i P Nq

• ` : ri – k
• ` : ri – rj
• ` : ri – rrj
• ` : ri – rj ‚ rk
• ` : if ri ‰ 0 then `1 else `2
• ` : accept
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`c´a‹nffl ˜bfle `´ˆ˜
˛h`a¯s O(1) `c´oşfi˚t!
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P-RAMp`,´q

P-RAMp`,´,ˆ,˜q
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“ P
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P-RAMp`,´q

P-RAMp`,´,ˆ,˜q

“ P

“ PSPACE
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• Indirect addressing (and unbounded number
of registers) can be avoided in RAMs

• Represent the registers of a machine M
as a single base-b number

• Here b = 1` largest number stored by M

r “ bm´1rm´1 ` bm´2rm´2 ` ¨ ¨ ¨ ` b1m1 ` b0r0
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˚r`e´gˇi¯sfi˚t´eˇrffl ”mffl–1
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Proposition. If M is a RAMp`,´q working in t steps
on input x P N, then b “ 2tx ` 1
obtained by repeated doubling

Proposition. If M is a RAMp`,´,ˆ,˜q working
in t steps on input x P N, then b “ x2

t

` 1
obtained by repeated squaring
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Proposition. The operations x ˆ y and x ˜ y
can be executed in time Op|x |2q and Op|y |2q
by a RAMp`,´q by repeated doubling

Proposition. The operation xycan be executed in
polynomial time wrt Op|y |2q by a RAMp`,´,ˆ,˜q
by repeated squaring

Proposition. The operation xycan be executed
in time Opy2|y |2|x |2q by a RAMp`,´q
by repeated squaring
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1 e – y
2 z – 1
3 while e ą 0 do
4 txe ˆ z “ xyu
5 p – 1
6 p1 – 2
7 a – x
8 a1 – x ˆ x
9 while p1 ď e do

10 p – p1

11 p1 – p1 ` p1

12 a – a1

13 a1 – a1 ˆ a1

14 end
15 te ´ p ď e{2u
16 e – e ´ p
17 z – z ˆ a

18 end

|”y| ˚tˇi‹m`eṡ
|”y| ˚tˇi‹m`eṡ
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Assignment of a constant “ri – c”
z – pr ˜ bi q mod b

r – r ´ pz ˆ bi q ` pc ˆ bi q

Copying the value of a register “ri – rj ”

y – pr ˜ bjq mod b

z – pr ˜ bi q mod b

r – r ´ pz ˆ bi q ` py ˆ bi q

Copying the value of a register w/i.a. “ri – rrj ”

y – pr ˜ bjq mod b
y 1 – pr ˜ by q mod b

z – pr ˜ bi q mod b

r – r ´ pz ˆ bi q ` py 1 ˆ bi q
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Arithmetical operations “ri – rj ‚ rk ”

y1 – pr ˜ bjq mod b

y2 – pr ˜ bkq mod b
y – y1 ‚ y2
z – pr ˜ bi q mod b

r – r ´ pz ˆ bi q ` py ˆ bi q

Conditional jump “if ri ‰ 0 then `1 else `2”
y – pr ˜ bi q mod b
if y ‰ 0 then `11 else `12
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Theorem 1. Each RAM without indirect addressing
can be simulated by an EN P system using the same
number of steps
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Theorem 1. Each RAM without indirect addressing
can be simulated by an EN P system using the same
number of steps

Assignment of a constant “ri – c”

0ri ` k ` z |p` Ñ 1|ri

p` Ñ 1|p``1
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Theorem 1. Each RAM without indirect addressing
can be simulated by an EN P system using the same
number of steps

Assignment of a constant “ri – c”

0ri ` k ` z |p` Ñ 1|ri

p` Ñ 1|p``1

Copying the value of a register “ri – rj ”

0ri ` 2rj ` z |p` Ñ 1|ri ` 1|rj

p` Ñ 1|p``1
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Arithmetical operations “ri – rj ‚ rk ”

0ri ` rj ‚ rk ` z |p` Ñ 1|ri

rj ` z |p` Ñ 1|rj

rk ` z |p` Ñ 1|rk

p` Ñ 1|p``1
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Arithmetical operations “ri – rj ‚ rk ”

0ri ` rj ‚ rk ` z |p` Ñ 1|ri

rj ` z |p` Ñ 1|rj

rk ` z |p` Ñ 1|rk

p` Ñ 1|p``1

Conditional jump “if ri ‰ 0 then `1 else `2”

p` Ñ 1|p`1
ri ´ 1|p` Ñ 1|p`1
ri ` 1|p` Ñ 1|p`2 QED
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repeat
save the current values of the variables
compute the variations due to p1 (if applicable)
...
compute the variations due to ph (if applicable)
compute the new values of the variables

until a final configuration is reached
if Π accepted then

accept
else

reject
end
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Example: f pxi1 , . . . , xik q|e Ñ a1|x1 ` ¨ ¨ ¨ ` am|xm
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if e ą xi1 or e ą xi1 or ¨ ¨ ¨ or e ą xik then
f – f pxi1 , . . . , xik q
x 1i1 – 0
...
x 1ik – 0

u – f ˜ pa1 ` ¨ ¨ ¨ ` amq
∆1 – ∆1 ` a1u
...
∆m – ∆m ` amu

end

Example: f pxi1 , . . . , xik q|e Ñ a1|x1 ` ¨ ¨ ¨ ` am|xm



Theorem 2. An ENPp`,´q can be simulated
in polynomial time by a RAMp`,´q,
and an ENPp`,´,ˆ,˜q by a RAMp`,´,ˆ,˜q
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Theorem 3.

P-ENPp`,´q “ P-RAMp`,´q “ P

P-ENPp`,´,ˆ,˜q “ P-RAMp`,´,ˆ,˜q

“ PSPACE
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• P-ENPp`,´,ˆq “
• (P-RAMp`,´,ˆq is also unknown)
• What about sequential mode?
• What about one-parallem mode?
• What about ENPs without enzymes?

? ??



Thanks for your attention!
Vă mult,umim pentru atent, ie!

Спасибо за внимание!

A”n‹y `qfi˚u`eṡfi˚tˇi`o“n¯s?


